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Time Allowed - Three hours

GENERAL INSTRUCTIONS:
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Reading time - 5 minutes.

Working time - 3 hours.

Write using blue or black pen.

Start each question on a new page.

Write vour Student Number at the top of each bag;él .
Calculators may be used. x
A table of standard integrals is provided.

All necessary working should be shown in every Question.



N

QUESTION 1 .

(a)  Use the substitution u =x to calculate.

(b)  Find: _[sec"xdx.

.
", . ..

((‘Q) By rationalising the numerator, show that:

Y

Show that j'; 1+X¢C:J§_ﬁ+ln(2+ﬁj.

(d) Find real numbers A, B and C such that

4x +2 oA Bx*C dhence find:

~

(X+3)(X2+1) x+3 x° +1

j- 4x + 2
(x+3)x? +1

()  Use integration by parts to find f xtanx™ dx



QUESTION 2.

(a)

(b)

(d)

(e)

let z=1+ 2i and ® = 2 —i. Findinthe form x +1iy.

Q@ za@.

I
w

Sketch the region in the complex plane where the inequalities

z—-3-4i|<5 and oSarng% both hold.

Giventhat 1-i isarootof x> — 3x*+ 4x — 2 = 0, find the other two roots.

If +/3+i and two other complex numbers form the vertices of an equilateral triangle on
the complex plane with its centre at the origin, find the two other complex numbers.

Express (~1+i) in modulus argument form and hence evaluate (-1 +1).



QUESTION 3

(a)  The diagram shows the graph of y = f(x).

Y 4

=1

Draw separate half page sketches of the graphs of the following showing all obvious
features.

» oy

(ii) y = 1/fix;.

£()

(iif)

<
il

ziw(iv\ y=Inf (x)

An ellipse centred at the origin has a focus at (4, 0) and a directrix x = 9, find its equation.

W

T

ax® + bx + . . .
(c) The curve y= ——————E has a horizontal asymptote of y = 4. Find where this curve cuts
cx” +bx +a

the y axis.

(d) Tz lies on the locus of fz - 2‘ = 2 in the Argand diagram, show that:

| ]z[z +]z~4[2 is a constant



QUESTION 4

(b)

()

The area bounded by the curve y = 12x — %%, thexaxis,x = 2 and x = 10 is rotated
about the y axis to form a solid By using the method of cylindrical shells calculate the
volume of the solid.

The base of a solid is the segment of the parabola x> = 4y cut off by theline y = 2. Each
cross section perpendicular to the y axis is a right angled isosceles triangle with hypotenuse
in the base of the solid. Find the volume of the solid.

The normal at a point P(cp, %) on the rectangular hyperbola xy = ¢’ meets the x axis at

Q. M is the mid point of PQ.

(i) By proving that the equation of this normal is:
y - p =p'(x~cp)

4
show that M is the point gcp—;-(i, <
27 2p

(1))  Hence show that the locus of M is given by:

2xyct =t - 8y4,



QUESTION 5

(a)  The diagram shows the point P (a cosd, b sin 9) on the ellipse.
X2 y2
+ —
a’ b’
P lies vertically above S, one of the foci of the ellipse. The tangent at P meets the y-axis at T
and the normal at P meets the y-axis at K. M is the foot of the perpendicular from P to the y-axis.

=1

[
:

(i) Write down the co-ordinates of S.

(ii) Show that sin &=,/ 1-e” where e is the eccentricity of the ellipse

(iit)  Find the co-ordinates of T,M and K. You may assume that the equation of the

—b cos@
—

tangent at P is : y—bsinf= xX- acos&)

asin @
(iv)  Prove that the area of triangle TPK is:

(b)  Thecubicy = x° - px + q has two turning points
(i) Show that p > o.

(i)  Find the co-ordinates of these turning points.
(iii)  The line y =k meets the cubic in 3 points.

Show that q~2—p\ﬁ< k < q+2—p\/§.
3 V3 3¥3

(¢) Sketch without using calculus

B 2(x2 - Sx)
Cx 4x-20



QUESTION 6

2

(a) Whenp(x) = x*+ ax’ +bx is dividedby x° + 1 the remainder is x + 2. Find the values

of aand b.

" (b)  Given that the equation ax®+4bx +c=0 has a double root, prove that

ac® = 27p*

(c) The cubic equation  x* + px + q =0 has 3 real non zero roots &, f, y Find in terms of the
constants p and q the value of:

M ot + B g
@ (a-DE-D(x -
i) o’ +pi+p’

(v) a*+pt+ xf



QUESTION 7

(a)

(b)

(c)

A particle of mass m is projected downwards under gravity , in a medium whose resistance

is équal to the velocity of the particle multiplied by _n%g_ Show that the terminal velocity of

this particle is T.

If a particle is projected vertically upwards in the same medium with velocity u, show that it
attains a height of’

_ul T? T
H = —?+§—10g(mj

For what rational value (s) of k do the two equations:
2 = 7x + k=0 and
2%’ — x> ~ 37x + 36 = 0

have a common root?

Show that (1 +x)" (1 + l)" = [\/—3; - —l—] *” and hence prove that



QUESTION 8

a using De Moivre’s Theorem prove that

By using De Moivre’s Th p hi
cos 560 =16 cos’d 20 cos>@ +5cos &  and hence solve the equation:
16%° — 205 + 5% =0

and deduce the values of

N T
(l) Cos Ta

e 37
(ll) Cos ﬁ' .

T

(b) Given that I, = j'z x" sin x dx

4

n-1
Provethat I, = r{%) —n(n— 1)] ., and hence evaluate:

3

JOZ x* sin xdx

{¢) In AABC a median is drawn from A to meet BC at D. Prove that the length of the median
is given by: '

m:%\/ﬂf +2¢* —a?




STANDARD INTEGRALS

1
jx"dx =——x", nz-1, x20, if n<0
n+1
1
J-—dx =Inx, x>0
X
& | o
fe dx =—e , g=0
a
1.
f COSs axdx =—smax, g=(
a
. 1
jsmaxdx =——cosax, g +0
a
-, 1
sec” axdx =—tanax, g =0
. a
< 1
secaxtanaxdx =—secax, g0
. a
- 1 1 X
S dx =—tan" =, 420
Yat+x a a

1 L X
f“‘—z 2dx =sm - —,a>0, —a<x<a
va© —x a

1
fﬁdx =In(x++x*=a’), x>a>0

1
f——nmdx =In(x ++/x* +a%)

NOTE: Inx=1log, x, x>0
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